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Problems of diffraction of elastic waves have in recent times attracted more and more
attention, particularly those related to the interaction of elastic waves with movable
obstacles. If the obsatacle has a polygonal form, the problem reduces to the investigation
of the diffraction of an incident wave by an infinite wedge. While the wedge problem has
been studied exhaustively in the case of diffraction of acoustic waves [1, 2 and 3], the
corresponding problem in the theory of elasticity has, in general, not yet been solved
analytically if we disregard the special case when the wedge degenerates into a semi=~
infinite cut [4]

In the present article another case is investigated, which permits the construction of
an analytical solution when friction is absent between a rigid wedge and the surrounding
elastic medium, but the medium nevertheless does not become detached from the wedge,
i.e. when the normal displacement and the shearing stress disappear on the faces of the
wedge. Under these conditions the reflection of an incident wave from the face of the
wedge doesnot lead to the appearance of waves of different type. That is, in the case of
an incident longitudinal wave only a longitudinal wave is reflected, and for an incident trans-
verse wave ounly a transverse wave is reflected. However, as is known, if the boundary has a
sharp edge the boundary and initial conditions are by themselves insufficient to guarantee
uniqueness of solution. An additional condition must be formulated, a so-called ‘edge condi-
tion’, which is equivalent to the requirement that the law of conservation of energy be satis-
fied. At it tumms out, this last condition cannot be satisfied if the disturbances are limited to
a single type (longitudinal or transverse). This leads to the occurrence of waves of both types
diffracted from the edge, despite the absence of two types of reflected waves. This last cir-
cumstance was not noticed in the paper by Sveklo and Siukiiainen [5] which was devoted to
the problem considered here. The results obtained in that paper are, therefore, incorrect.

In spite of the fact that the edge condition does not permit complete reduction to the
acoustic case, the problem nevertheless tums out to be very similar to the acoustic one,
which makes it possible to find a closed analytical solution. The similarity of the problem
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Diffraction of a plane wave by a smooth rigid wedge 245

to the acoustic oneis,inthe end, reflected in the form of the solution for the disturbing
wave, which is a sum of two solutions. The first of these is simply the solution of the
corresponding acoustic problem, while the second describes the effect of elasticity. As
the investigation shows, the latter part of the solution can in no way be neglected in com-
parison to the acoustic part. Only in one special case, when a plane longitudinal wave is
incident on the wedge along its bisector, the elastic term is absent and the solution coin-
cides with the acoustic one.

1. Formulation of the problem. We shall consider an elastic medium with shear modulus
@ and velocities of propagation of longitudinal and transverse waves a and b, repectively.
The medium occupies the sector r >0, 0<% £ n/k and is in contact with a rigid
wedge (n / k <€ ¥ <{ 2m), the boundary condition having the form

=0, Ta=0 for 8=0 n/k 0LZr<oo (1.1)

where r and 8 are cylindrical coordinates. Without loss of generality it is possible to
consider k < 1, since the case k > 1 can be obtained from the former one with the aid of a
reflection transformation. For if we take the solution for &£ <1 and separate out the part
which is antisymmetric with respect to the bisector of the wedge, this latter part is the
solution for k' = 2k > 1.

If we introduce longitudinal and transverse potentials which are related to the dis-
placement components by the relations

dp , 1 oy { 39 o
Y= T 7 351 Yg="73%  or 1.2)

then the boundary conditions (1.1) will be satisfied if we require that

dp/a8 =0 $=0 for #=0, =m/k (1.3)

The boundary conditions are thus set up independently for the longitudinal and trans-
verse potentials. This allows us to find the potentials independently until the edge condi-
tion is taken into account.

As the edge condition,we require that for k¥ <1 the displacements be bounded and the

stresses and strains grow more slowly than r"l, or in other words,

u = 0 (*") + const, A>0 as r—0 (1.4

We shall consider that the potential of the incident wave is described by the Heaviside
step function H (7), i.e. it is equal to zero before the front and to unity behind it. Use of the
Duhamel integral leads us to the case of a general plane incident wave. We shall split the
unknown longitudinal and transverse potentials into two terms. The first of these will des-
cribe the incident wave. The second will represent the disturbance caused by the presence
of the wedge and will contain the reflected and diffracted waves. We thus write

for a longitudinal incident wave

o=H (T deos(0—%) $0 b= (1.5)

for a transverse incident wave
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b
@ = @y, me(%{»cos ({}——90))-{—1;31 (1.6)

The potentials @1 and i/, describing the disturbance must, of couse, satisfy homogene-
ous initial conditions and the boundary conditions which follow from Eq. (1.3}, i.e. the
conditions for an incident longitudinal wave

a t a
-%l—zsin(x‘}wso)ﬁ(%*-?cos(ﬁ—'&0)>, —g-fl:o for 9=0, m/k (17

for a transverse incident wave

a9 by cos ( — By} bt
=0 G T (T —ty) (0

where 8 (T) is the Dirac delta function.
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The reflected and diffracted wave fronts are shown in Fig. 1 for the case of a longi~
tudinal incident wave and in Fig. 2 for the case of a transverse incident wave, under the
conditions that no shadow zone is formed. The cases where shadows are formed are shown
in Figs. 3 and 4. We note that the sign of the potential of the reflected longitudinal wave
coincides with the sign of the potential of the incident longitudinal wave (i.e. the reflection
coefficient is equal to unity.) However, the potential of the reflected transverse wave has
a sign opposite to that of the incident transverse wave (the reflection coefficient is equal
to «1.}

The boundary and initial conditions are such that the solution which is sought must
be homogeneous and of degree zero in r and t. This allows us to make use of the method
of functionally invariant solutions of Smirnov and Sobolev [1]. Pursuing this method, we
introduce the variables
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t bt
2y =coshk (¥ -} i), zg=coshk (X2 -+ i®) (culh)u = aT sy cosha)a = T) (1.9)

The region of the longitudinal disturbance is mapped into the upper half-plane of the
complex variable z, in the following way: the sector 0 {9 </ k, 0 < r < a¢ is mapped
into the upper half-plane, the radii @ = 0 and @ = 77/k being transformed into the segments
(1, ) and (— o0, —1) of the real axis. The arc of the circle r = at (the front of the diffracted
longitudinal wave), is transformed into the segment (—1, 1) of the real axis. The exterior
of this sector (that part of it where longitudinal disturbances are possible) is also mapped
onto the segment (-1, 1). The region of transverse disturbances is mapped onto the upper
half-plane of the variable z, in exactly the same way.

The potentials @; and ), can now be sought in the form §; = Re @ (z;), ¥, = Re ¥ (z,)-
where @ (z,) and ¥ (z,) are analytic functions of z, and z, which are regular in the upper
half-plane and satisfy on the real axis conditions which follow from the boundary condi-
tions (1.7) or (1.8).

2. A longitudinal incident wave. From (1.7) it can be shown that

Re [i VZIZ -1 (zl)] = 0, Imz =40 (2.1)

and that at the points z; = cos k (%, — nt) and z; = cos k (%o -+ m) the function O’ (z,)
must have simple poles with residues equal to two in absolute value. The sign of the
residue depends on the angle of incidence and, as can be verified, must agree with the
sign of sin k (8, — %) at the pole z; = cos k (¥o— ) and be opposite to the sign of
sin k (85+7) at the pole z, = cos k ($o + x). We choose the branch of the radical
(2,2 = l)l/’ which is equal to + i for z, = 0. The solution of the boundary value problem
(2.1) can then be written in the form

1
O’ (zy) =n_v-zﬁ [41(z1) sin (8 — n) & (21— cos (G — m) k)1 —

(2.2)
— Aj (z1) 8in (G0 4 w) k (20— cos (¥ -+ 1) k)]
where A, and 4, are polynomials of degree n, which satisfy the conditions
4 {cos (B, — n) k) = A, (cos (B, + ) k)= 1 {2.3)

Taking into consideration that z;==0(r"%) asr -0, we may conclude from the above
that the displacement components are of the order

rl(t—n)k]—1 as r— 90
That is, they are not bounded, even when n = 0, and the edge condition (1.4) cannot be

satisfied by a single longitudinal potential.

In order to satisfy the edge condition (1.4) we shall try to find a transverse potential
¥ which will cancel the displacement singularity corresponding to the longitudinal
potential (2.2). It follows from Eqgs. (1.7) that

Re ¥’ (z,) = 0 for Imz, = 0 (2.4)

where ¥’ (z,) is regular throughout the upper half-plane, including the real axis. From
this it follows that
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Y (z9) = B (z;) (2.5)

where B is a polynomial of degree n, having real coefficients. The corresponding displace-
ment are of the order

o (L I PP

In order that the singularity at the edge be annulled, we must have n, — 1 = n, + 1
or ng = n; — 2. It can be verified that the edge condition can he satisfied only for
ny =0 and n, = 2, Equations (2.2) and (2.5) can now be presented in the form

@ (z)) = T]TL%-‘“ [(z1 — cos (o — ) k)1 sin ($g— ) k —

(2.6)
i
— {23 — €08 (B + m) k) 2sin (8o -+ m) k 4 az + Bl ¥im)=—71
We find the expressions for the displacements from (1.2) and (2.6)
Ug = —k‘ Im [(Zl —cos k ('ﬂo — ﬂ))—l sin k ({)0 - n)
bty Vgt —1 }
~— (23— 08 k (B¢ 4+ )y sin k (B -+ t) - az, -+ 8 + _W——
—k at (2.1

[(z1— cos k {Bg— n))sin k (G — ) —

u,=—_- Re {—*““———V e pu—
o (21— €08 k (B9 -4- 1)) 2sin k (8o -+ 7 - azi- B)] + 1 Vi — 1}
The real constants a, 3, and y in Egs. (2.6) and (2.7) are determined from the edge

condition. Using Eqs. (1.9) it is easy to find the leading terms of the asymptotic expansions
of Eqs. (2.7 as r >0

uy = - sin k0 {— o* (2 ) (2 )
+a"‘[2$ink('&g—n)-2sink(ﬁo+n)+2]( )k X (—;—) }+o(1)
urz:;?;ﬁ{coskﬁ{ 5 (2:) —b —}(%) +
+ak (bink(ﬂo—u)—zsink(ﬁo+u)+%)(—Z'ﬂk—b“" g-(-g;) }+ B}+o(1)

It is clear from this that it is necessary to put
B=20, aka 0¥y =0, a—k [4dsink (B, — n)— 4&sink (§-+ )] + a—Fa—b-kr=0
in order to satisfy the edge condition.
Now instead of (2.6) we obtain
U (z1) = - Vz - {(zl —cos k (Fp— )2 sink (Gg — ) —

— (21— c08 k (8o + 7)) sin £ (B0 + 1) + 8 [1 + (-B‘)zk ]_ sin xk cos kﬂoh} 2.8)

a

¥ (25) = — 8i [(%)k + (»ll)k ]'1 sin 5tk cos ok
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Integrating and changing over to the physical variables, we obtain

9= (8 1)+ % [1 + <%)2k]_1 sin sk cos Bok cos Dok [P (at/r)— 5 (ai/ r) ]

P = 8 (ﬁ )k [1 + (%>2k ]-1 sin stk cos $ok sin Ok [P (br/r) — _P—(E’%—F—)—] -

" ova

where @5 is the solution of the acoustic problem with the boundary condition dp, / 60 == 0,
and the function P (7) is equal to

Pry=(+ V-0 (2.10)

It is clear from these equations, that the corrections to the acoustic solution dis-
appear on the fronts of the diffracted waves, which is quite natural since they are not
related to the waves reflected from the faces of the wedge. It is also easy to see that
these corrections satisfy homogeneous initial and boundary conditions. The solution ob-
tained coincides with the acoustic one if the incident ray is directed along the bisector
of the wedge (0o = 1/ (2 k)), since in this case cos k= 0, and both corrections vanish
identically. For this value of the angle of incidence the acoustic solution satisfies the
edge condition {1.4) by itself.

3. A transverse incident wave. If a transverse wave is incident, the conditions (2.1)
and (2.4) remain valid, but now ®’(z,) must be regular in the half~plane including the real
axis and ¥/{z,) must have simple poles at the points 2 == €08 k (#, — 2} and
zy == ¢08 k (%o 4 ) with residues equal to t 2 respectively. Proceeding in a manner
analogous to that described in the previous section, we find

O (29) = #ﬁf‘_—__‘_—_—«? [(%)k + (-’-’2—)" ]'l sin stk sin B0k

1
¥ (29} = —+ {[33 ~c08 k(o —n)]1-—[23—cos k (B4 7)]1 (3.
2k -1
48 [1 <+ (7‘—) } sin nksin Gak}
We obtain from this the expressions for the potentials in the physical variables

=2 T snsmonssm s -t

Y=yt [1 + (‘f{)ﬁ ]_l sin wk sin ok sin [” @tir) = 7"@1777]

(3.2)
where lﬁ is again the solution of the corresponding acoustic problem ((/1 =0 at the faces
of the wedge) In the present case there exists no value of the angle of 1nc1dence for which
the solution coincides with the acoustic one, since sin kf, vanishes only for §, =0 or
77/k, i.e. when the incident ray grazes one face of the wedge. However, this is not possible,
since in this case the reflected wave cancels the incident wave.

4. Bebavior of the diffracted waves near their fronts. By the use of Equations (1.2),
(1.9), (1.10) and (2.8) with (3.1) it is easy to compute asymptotic expressions for the dis-
placements near the fronts of the diffracted waves (but not near points of contact of these
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fronts with the fronts of the reflected or incident waves.)

We introduce the variables

at bt

=1, Te=— —1 4.1)

which represent the distances from the longitudinal and transverse wave fronts, respectively.
Then for a longitudinal incident wave, we have
for7, » 0
(4.2)

—k
ug = 0 (1), u, = n—rT/TTl_ {[cos k® —cos k (09 — m)]1sin & (6 — ) —

— [cos §% — cos k (B9 4 )] 1 sin & (o + 7t) 4- 8 [1 + (—;—:—)k ]_1 sin kx cos kﬁocosﬂk}-l,-O(i)

for 7, » 0 (i.e. near the front of the transverse wave)

=0 Bk (i”- (ik]'l i i (4.3)
n, =0(1), u9=m Vo b) |_1+ b) sin stk cos Bk sin 0% - O (1) .
Analogous expressions can also be obtained for the case of a transverse incident

wave.

In particular, it is clear from these expressions that the additional elastic terms
have the same intensity as the acoustic terms near the front, but a different angular dis-
tribution. Thus the difference between the elastic problem and the acoustic problem is
important, not only near the edge, of the wedge but also in the entire region of diffraction.
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